Calculus III Final exam

June 23rd, 2026

The exam is 2 hours long.

Score 80 or higher to get 100% .

No calculator, use of internet or use of Al are allowed.

1. (10 points) Pay attention to clarity and readability.

1 Exercises

2. (3 points) Find the total differential of w = (z +y)/(z — 3y).

ow ow ow
dw = —d —d —dz.
YT o v Jy v 9.

First, we compute the partial derivative with respect to x:

ow 1

or  z—3y

Solution: The total differential dw of a function w(z,y, z) is given by the formula:

Next, using the quotient rule, we compute the partial derivative with respect to y:

ow 1-(z=3y)—(x+y)(=3) z2—-3y+3zx+3y  3x+=z

Finally, we compute the partial derivative with respect to z:

ow T+y
-~ = (=(z2—=3y)"2%) = —
g, = @+y)-(=(z=39)7) EEETE
Combining these partial components, the total differential is:
1 3
dw = dx + vt dy — Ty dz.

z—3y (z —3y)? (z — 3y)?

dy (2 — 3y)? (-3 (-3

3. (4 points) Show that f;(0,0) and f,(0,0) both exist but that f is not differentiable at (0,0) :

_J1, z=00ry=0,
f(x,y) = {07 elsewhere.

definition. For f,(0,0): . Ny
f2(0,0) = lim W

f£(0,0) = 1. This yields:
1-1

h—0

Solution: First, we evaluate the existence of the partial derivatives at (0,0) using the formal limit

Since the point (h,0) lies directly on the x-axis where y = 0, we have f(h,0) = 1. Additionally,
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By symmetry, calculating the partial derivative with respect to y yields:

50,0 = sy OO <y 122 o

Thus, both partial derivatives exist at the origin and are equal to 0.

Next, we check for differentiability. A fundamental theorem states that if a function is differentiable
at a point, it must also be continuous at that point. Let us test the continuity of f(z,y) at (0,0)
by approaching along the line y = x (where x # 0):

li y)=1lim0=0
opson T Y = 0
y=x

However, the value of the function at the origin is f(0,0) = 1. Since the limit along this path (— 0)
does not match the actual functional value (1), f(z,y) is discontinuous at (0,0). Consequently, it
cannot be differentiable at (0,0).

4. (3 points) Find the directional derivative of f in the direction of v at the point P :

V2

f($7y) :zB_yS’ P(473)’ v = 7(7'4'.7)

Solution: First, we verify that v is a unit direction vector by calculating its magnitude:

Joll = (*f>+ ({f) SN

Next, we determine the gradient vector V f(z,y) by taking the first partial derivatives:

Vf(xay) = <3:L’2, _3y2>'

N =

Evaluating this gradient vector at our specific point P(4, 3):
V(4,3) = (3(4),—3(3%)) = (48, -27).

The directional derivative is computed as the dot product of the gradient and our unit vector v:

Duf(4,3) =V/(4,3) v = (48,-21) <??> - Cf) o (éﬁ) -7

5. (6 points) Let F(z,y) = (22 + €¥)i + (we?¥ — 6)3.

(a) Determine whether F' is conservative, and if it is give a potential function.

Solution: Let F(x,y) = L(z,y)i + M(z,y)j. Assuming the textbook notation typo where
z°y is intended to be we, we have L(z,y) = 2% + €Y and M(z,y) = ze¥ — 6. We check for

conservativeness on an open, simply connected domain by validating if —885 = —%J\:;[ :
oL 0, 4 oM 0
_— = — YY) = Y _ = — Yy _ 6 — y.
9 ~ 0y (7 +e¥) =¢Y, e~ B2 (ze )=¢
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Since % = %, the vector field F' is conservative.

To construct the corresponding potential function f(z,y) such that Vf = F, we integrate L
with respect to x:

flaw) = [+ e dn = Lt e+ g(0),

To resolve the unknown function g(y), we differentiate our expression with respect to y and set
it equal to M (x,y):

0
O 2o 19/ (y) = re? —6 = () = 6 = gly) = 6y +C.

Choosing C' = 0, a potential function is:

1
flz,y) = 1354 + ze¥ — 6y.

(b) Let C be a closed loop on the triangle defined by the points (0,0), (1,0) and (1,1). Compute the
following integral :
]{ F -dr.
C

Solution: By the fundamental properties of conservative vector fields, the line integral of a
conservative field along any closed path C depends only on the endpoints. Since a closed loop
starts and ends at the exact same location, the circulation integral is identically zero:

%F~dr:0.
c

6. (8 points) (a) Sketch the image S in the wv-plane of the region R in the zy-plane using the given
transformation :
{x = i(v—u),

y= i(3u—w).

Solution: To map the boundary limits to the uv-plane, we solve the system of transformation
equations for v and v. Adding the two formulas yields:
3

1 1 1
x+y:§v—§u+§u—§v:u — u=x+ty.
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Next, multiplying the first equation by 3 and adding it to the second yields:

3 3 3 3 1 _3
Tty = 21} 2u—|—2u 211—11 — v=95x +y.
For this classic problem layout, the parallelogram R in the xy-plane is bounded by the lines
r+y=1,x+y=2,3x+y =0, and 3x + y = 2. Substituting our simplified expressions for u
and v directly into these boundary equations defines the region S in the uv-plane as a simple
rectangle:

(b) Use the indicated change of variables to evaluate the double integral
/ / (2y — x)dA.
R

Solution: First, we substitute our transformation equations to express the integrand in terms
of u and v:

1 1 1 1 7 3
2y—x—2(2(3u—v)> —§(v—u)—3u—v—§v+§U—§u—§v.

Next, we evaluate the Jacobian determinant of the change of variables transformation:

A(x,y) gz gz -1/2  1/2 1 1 1\ /3 1
J = =det | 3% gy | =det ={-z)l-3s)-Il3s)ls)=—5
Ba) et G G0 ) =det{ 5 2 )\ "2 2)\2 2
The area element transformation requires the absolute value of the Jacobian: dA = |J|dudv =
% dudv. Now we integrate over the rectangular region S:

2 2
//(2yfx)dA:/ <7u3v>~1dudv
2 2
= 1/ Zu2—§vu dv
o L4 2 1

7. (5 points) Find / F - NdS where N is the unit outward normal vector to S : 2 = 1 —x — y, first
5
octant, and F(x,y, z) = 324 — 45 + yk.

Solution: The surface S is a flat triangular plane segment satisfying  + y + z = 1. The outward
unit normal pointing away from the origin solid in the first octant is given by N = %(1, 1,1). The

CEA CAPA Page 4 of 15 Summer session



Calculus ITI Final exam June 23rd, 2026

standard surface area element dS for a plane modeled as z = g(z,y) =1 —z — y is:

ds = \/1+ (ng - (g;)sz =1+ (—1)2+ (-1)2dA = V3dA.

Combining these parameters yields NdS = (1,1,1)dA. Next, we find the scalar dot product
expression F' - (1,1,1):
F-(1,1,1)=32—4+y.

Substituting the plane’s restriction equation z = 1 — x — y isolates the expression into 2D variables:
31l—z—y)—44+y=—-1—-3z—2y.

The region D in the xy-plane represents the projection of the first-octant boundary triangle, bounded
by x =0,y =0, and y = 1 — . Evaluating the double integral over D:

1 1—x
//F-NdS:// (=1 =32z —2y)dydx
s o Jo
1

= / [(—1—3z)y — yz];_z dx

0

- /0 (-1 -32)(1—2) — (1 - 2)?) de

/O(l—x)(—l—?)a:—(l—m))dx:/o(1—x)(—2—2m)d33

1 3711 4
—21—x2)dx:—2[x—x} =—-.
/0 ( 31, 3

8. (5 points) Let r(u,v) = ui+vj++/uvk. Find an equation of the tangent plane to the surface represented
by r at the point (1,1,1).

Solution: First, we determine the parameter values (u,v) that correspond to the point (1,1,1).
Since z = u and y = v, we evaluate at (u,v) = (1,1).

Next, we compute the partial derivatives of the parameterized surface r(u,v) = (u, v, /uv):

ru(u,v) = <1,0,;\/3> — r,(1,1) = <1,0,;>.
7o (1, 0) = <01;\/E> — r(1,1) = <01;>

The normal vector n to the surface at this point is the cross product of these tangent vectors:

1 1 1 1
=Tu ]-7]- v 1a1 = ]-7 ' 5 7137 = 7777771 .
n=r,(1,1) xr,(1,1) < 02>><<0 2> < 53 >

To simplify our plane equation, we can scale the normal vector by 2 to get n = (—1,—1,2).

Using the point-normal form of a plane, a(z — zo) + b(y — yo) + ¢(z — z0) = 0:
—1z—-1)—-1y—1)+2(z—1)=0 = —z—-y+22=0 = z+y—22=0.
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9. (12 points) The goal is to find the solid region V' that minimizes the value of

///V(a:2+y2+22—4)dv.

(a) Give the function f(p, 0, ¢) defined when we use a change of coordinates from Cartesian to spherical:

/// (@ +y* +2° —4)dV = / /¢ N elfpﬁ , ) d6 dé dp,

where 0 < 6; <0y <27, 0< ¢y < ¢pg <m,and a < b.

Solution: When switching to spherical coordinates, we substitute 22 +y2+22 = p? and replace
the volume differential dV with the spherical volume element p?sin ¢ dp d¢ df. This yields:

/// 22+ y? 422 —A)dV = / /¢ /9 - p? sin ¢ d0 d¢b dp.

Distributing p? through the radial term gives the function f(p, 8, ¢):

f(pv 97 ¢) = (P4 - 4P2) sin ¢.

(b) Prove

5 3 5 3
///(m2+y2+22_4)d‘/:(02_91)(COS¢1—COS¢2) bi_ﬂ_ai_’_é‘:i .
v 5 3 5 3

Solution: We evaluate the iterated integral found in part (a) using f(p, 0, ¢) = (p* —4p?) sin ¢

b b2 02
///(x2+y2+z2—4)dV:/ (p4—4p2)dp/ sin ¢ d¢ db.
\4 p=a Pp=¢1 0=01

Integrating each independent component:

02
/ d0 = (05— 0)
0

=0,

®2
/ sin ¢ d¢p = [— cos ¢]if = (cos ¢1 — cos ¢2)
=01

b B N A s
fapydp= |- = (T2 )
/p_a(p e e e i T T

Multiplying these evaluated components together yields the proven result:

£

5 3 5 3
J[[ @ v 42 = av = 62— 00)(cos o~ cosen) (5 - 5 = 5 + 5 )
v 5 3 5 3

b o4bd a®  4ad . ,
(¢) Let g(a,b) = T 3 "% + ——. We find the global minimum of the function g(a,b) on the

closed, constrained domain defined by the physical geometry of integration boundaries:

D ={(a,b) eR*|0<a<b<4}.
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i. Prove that if the interior domain is

ii.

iii.

o]

D={(a,b) /0<a<b<4},

o
then no critical points hold in D.

Solution: We compute the gradient vector Vg(a,b) and set it equal to the zero vector 0:

dg
Vg(a,b) = <8Z7 8Z> — (—a* + 4a, b* — 4b%) = (0,0)

Solving the system of equations for the strictly positive interior (0 < a < b):

—a*(a®* —4) =0 = a=2 (since a > 0)
V(b2 —4)=0 = b=2 (since b>0)

The point (2, 2) lies exactly on the boundary line a = b, meaning there are no critical points
[e]

strictly within the interior D.

What theorem allows us to conclude that the minimum must exist on the boundary of D?

Solution: By the Extreme Value Theorem, because g(a, b) is continuous on the closed and
bounded region D, the global minimum must lie on the boundaries if none exist in the
interior.

By checking on the boundaries (a,b) = (0,¢) and (a,b) = (¢,t), prove that (a,b) = (0,2) is a
global minimum for g.

Solution: The boundary of the region D consists of two distinct components:

1. Boundary 1 (@ = 0): Here, b > 0. Substituting a = 0 into g(a,b) yields the single-
variable function g;(b) = % - %. Differentiating gives g} (b) = b* — 4b*> = v?(b —
2)(b+ 2). For the domain b > 0, the only positive critical point is b = 2. Evaluating

g at this point gives:
2°  4(2%) 32 32 96—-160 64

2:— = — = — = ——
9(0,2) = % 3 5 3 15 15

2. Boundary 2 (a = b): Substituting a = b directly into g(a,b) yields:

b> 4b? boo4p?
won=(5-%)-(5-%)
64

Comparing the evaluated values found on the boundaries (0 > —73z), the absolute lowest
value achieved by the function is f%. Therefore, (a,b) = (0,2) is the global minimum for

g.

0.

(d) Give without justification angles 0 < 67 < 03 < 27 and 0 < ¢1 < ¢o < 7 such that the angular
multiplier is maximized:

CEA CAPA

6, — 0 - )
A (( 2 — 01)(cos 1 — cos ¢2)
0<p1<p2<m
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Solution:
91 = Oa 92 = 27T7 (bl = 07 ¢2 =T.

This generates the maximum scaling factor: (2 — 0)(1 — (1)) = 4.

(e) Give the absolute minimum value of the total integral, knowing :

2,2 .2 _ _ _
max ///Vx +y 422 —4dV OSG%E(%S% ((92 601)(cos ¢p1 — cos gbg)) 9(0,2).
0<¢1<pa<m

Solution: To minimize the entire integral, we multiply our maximum positive angular scaling
factor by the global minimum of the radial polynomial g(a,b):

.. 64 2567
Minimum Value = 47 - ¢(0,2) = 47 (—15> =5
2567

Thus, the absolute minimum value of the integral is —=7Z%, which geometrically occurs over
the full solid sphere of radius 2 centered at the origin.
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2 Problem

The problem is partitioned into 3 independents parts.
If a result from another part is needed, it is restated in the question.

Consider a rigid vertical tower modeled as a 3D solid of revolution E centered around the z-axis. The
solid is bounded below by the ground plane z = 0, and extends infinitely upward (z — o0). At any
height z, the horizontal cross-section D(z) is a circular disk of radius R(z). The bounding surface of the
tower is given in cylindrical coordinates by r = R(z).

Our architectural goal is to design the profile R(z) such that the internal compressive pressure P(z)
caused by the weight of the material above it is perfectly uniform across every horizontal cross-section:
P(z) = Py (a constant). The material has a uniform mass density po and g is the acceleration due to
gravity.

Mass M (z)

( Profile Equation:
POY
3 R(Z) = R[]Biﬁz

Y
T -7 —_—
Rn xT ‘ RO
(a) View in the yz-plane of the structure. (b) Continuous 3D model with slice elements.

Figure 1: Mathematical and structural representations of the tower.

10. (22 points) Part 1 : Pressure equilibrium to construct a tower.

(a) For a fixed z, state the region F, inside the solid and above the cross section D(z) in the cylindrical
coordinates. You may use Z as the dummy coordinate for the vertical axis.

Solution:

(b) i. State the triple integral describing total mass M (z) of the portion of the tower resting above
a specific height z in cylindrical coordinates.

ii. Deduce from the triple integral that :
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Solution: The region F, spans from altitude Z = z to Z — oo. For a given height Z, the radius
ranges from 7 = 0 to r = R(Z), and the azimuthal angle 6 spans from 0 to 27. Thus:

+oo 2w pR(Z)
M(z):/// podV:/ / / po-rdrdfdz.
E. 2 o Jo

Evaluating the inner parameters for r and 6:

2r pR(%) 2153
/ / rdrdf =2r [] = n[R(%)]?.
o Jo 2 o

Substituting this back into the outer integral yields:

+oo
M(z) = / por[R(2)]2 d.

(c) Given that pressure is defined as Py = 52X = ﬁj[\f%(é)ﬁ% show that the boundary curve R(z) must

satisfy the master integral equation:

+oo
F[R()2Py = pog / AR d5.

Solution: Substituting the evaluated single integral formula for M (z) into the pressure condi-
tion equation:
_9-M(y) _9J. por[R(2)P dz

m[R(2)]? m[R(2)]?

Multiplying both sides by 7[R(z)]? and isolating constants yields the required expression:

PO ﬁpo

+oo
T[R(2)[2Py = pog / rlR(2)] dz

(d) Deduce the first-order differential equation for R(z) :

dR__@

Solution: First, switch the limits of integration to place z at the top boundary:

z

TPy [R()] = —pogn /+ (R(Z)2 dz.

Differentiating both sides with respect to z using the Chain Rule on the left and the Funda-
mental Theorem of Calculus on the right:

dR
P - 2R(z)£ = —pogr[R(2)]*.
Dividing both sides by 2nPyR(z) (given R(z) # 0) simplifies directly to:
dR  pog
= ap, )
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(e) Prove that the explicit solution for R(z) given the initial base boundary condition R(0) = Ry at

ground level is :
P09

R(2) = Roe” 5%,

Solution: The differential equation 42 = —kR(z) where k = 25 is a standard separable linear
equation. Its general solution is:

R(z) = Ce™ 0%,
Applying the boundary baseline condition R(0) = Ry gives C' = Ry. Thus:

R(z) = Roe ™ #H5*.

(f) What famous tower does this structure remind you of 7

Solution: This profile is a continuous mathematical representation of the Eiffel Tower (Tour
Eiffel) in Paris, whose geometric framework curves exponentially inward to distribute structural
weight and wind loading perfectly uniformly down to the ground foundations.

11. (17 points) Part 2 : vector fields through the tower.

(a) Consider a horizontal cross-sectional slice of the tower D(z) at a fixed height z. The boundary of
this disk is a circle C, of radius R(z), oriented counterclockwise when viewed from above.

i. State Green’s Theorem for a 2D vector field F(x,y) = L(x,y)i+ M (z,y)j over the region D(z).

Solution: Green’s Theorem states:
oM 0L
Ldxr+ Md :// (—)da:d
f@( =[] (G 5w

ii. Use Green’s Theorem with the vector field F(x,y) = (—y,x) to compute the line integral
$o. F - dr, and show that it directly confirms the cross-sectional area formula Area(D(z)) =

m[R(2))%.
Solution: For F = (—y,z), we have L = —y and M = z. Computing the partial deriva-
tives:
oM oL oM  OL
Ox Ty ox Oy (=1)

Applying Green’s Theorem:
j’{ F.dr = // 2dA =2 Area(D(2)) = 27[R(=))2
C. D(z)

Dividing by 2 yields the standard area of the circular cross section: Area(D(z)) = 7[R(z)]?.

(b) Let E}, be the truncated 3D solid portion of the tower between the ground z = 0 and a finite height
z = h. The boundary surface OFE}, consists of three components: the base disk D(0), the top disk
D(h), and the outer lateral surface Sr. Consider the 3D vector field G(z,y, z) = (z,y,0).

i. Calculate the divergence V-G.
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Solution: The divergence is V - G = 2 (z)+ 6%(y) +20)=14+1+0=2.

ii. Set up the volume integral ff‘fEh V - G dV using the exponential profile R(z) = Roe_%z and

prove:
2 g
// ﬁ-GdV:M(l—e*%h).
E Pog

Solution:
The volume integral is:

4 2 2 " —£09
/// 2dV = 2/ w[R(z)]* dz = 27TR0/ e Po“dz.
Ep 0 0

Evaluating this single integral:

h 2
2 R2 {—R)eﬂgf'z] _ 2mfolo (1 -~ e*mh) .
Pog 0 pog

iii. Use the Divergence Theorem to compute the outward-pointing flux through the curved lateral

surface Sy, :
/ / G -#ds.
St

Solution: On the flat bottom disk D(0), the outward unit normal is A = —k. Since
G - (—k) = 0, the flux is 0. On the flat top disk D(h), the outward unit normal is i = +k.
Since G -k = 0, the flux is also 0.

By the Divergence Theorem:

// ﬁ-GdV:/ G-ﬁdS+/ G-ﬂdS+/ G - ndsS.
Ep, D(0) D(h) St

Since the base and top fluxes are zero, the entire divergence flux escapes through the lateral
wall:

2
/ G- nds — 2l (176‘%").
SL Pog

12. (15 points) Part 3 : Tangent plane to the tower.

(a) The outer boundary surface of the optimal tower can be described in Cartesian coordinates as the
level surface of a function F(x,y, z) = 0, where:

F(z,y,2) = 2° +y* — [R(2)]?

i. Compute the partial derivatives %—i, %—5, and %—57 and state the gradient vector ﬁF(x, Y,2) in

terms of x, y, and the profile derivative %.
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Solution: Taking the partial derivatives of F(x,y, z) = 2 + y* — [R(2)]*:
* 5 = (PP~ [RG)P) =20
. 92 (a 2 [RE)P)
o U= 2 (a2 +y7 - [RE)P) = —2R()
Thus, the gradient vector is:

—

VF(z,y,2z)= <2x, 2y, —2R(z)(§:> .

ii. Substitute the known physical profile derivative % = —4£pL R(z) into your gradient expression.
Then, find the equation of the tangent plane to the tower surface at a specific point (xo, yo, 20)
lying on the boundary.

Solution: Substituting %% = — 5 R(z) into the z-derivative yields:
or Pog __ Pog 2
o = 2R) (~B2R() ) = 2 ine)

Since the point (zg, Yo, z0) lies on the surface, [R(20)]> = 23 + y2. The normal vector n at
this point is:

= g
n= VF(Ian()?ZO) = <21’0, 2y07 %(Ig +y§)> .

The equation of the tangent plane is given by n - (x — zg,y — Yo,z — 20) = 0:

Pog

29 (5 + 48)( — 20) = 0.

220(x — 20) + 2y0(y — yo) +

(b) At the top cap of the tower, the local height is given by the function function f(z,y) = 4—a%—y>+ay.
Find the critical point of f(x,y) and use the Second Derivative Test to classify it (as a local
maximum, local minimum, or saddle point).

Solution: To find the critical points, we compute the first partial derivatives of f(z,y) and
set them equal to zero:

folzyy) = 224+y=0 = y=2z.
fy(z,y) = -2y +2=0.
Substituting y = 2z into the second equation yields —2(2z) + = —3x = 0, which gives x = 0
and consequently y = 0. Thus, the unique critical point is at (0, 0).

To classify this point, we apply the Second Derivative Test. We find the second-order partial
derivatives:

f:vw(xvy) = -2, fyy(may) = -2, fa:y(xay> =1L
We compute the discriminant (Hessian determinant) D:
D = f22(0,0)f4(0,0) = [ (0,0)]* = (=2)(-2) — (1)* =4 -1 =3.

Since D > 0 and f,,(0,0) = —2 < 0, the Second Derivative Test confirms that the critical
point (0,0) is a local maximum.
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+o00 5
/ e ¥ dx =
0

13. (10 points) Prove

ol

Hint : use the polar coordinates.

Solution: Let

We have

Foo 2 too 2
I’ = </ e ” dx) (/ e ™ da:)
7+OO 2 7“1’00 2
= (/ e ” dx) (/ e Y dy)
—+o00 —+o0
:/ / e~ (@) dxdy.
By changing from the cartesians coordinates (x,y) to the polar coordinates (r,0) :
27 “+o00 R
I’ = / / e~ " rdrdf
o Jo
1 2

+ oo
=27 [—e_r ]
2 0

= [—e“’c + eo}

Thus
1=/~

Yet by symmetry of z +— e~ we have :

+o0 5
I:2/ e " dx = /T.
0

Finally
oo, N3
“Pdr = .
/o cMTh
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Question | Points | Score

1 10
2 3
3 4
4 3
5 6
6 8
7 5
8 5
9 12
10 22
11 17
12 15
13 10

Total: 120
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